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We consider three possible statements of the problem of termination of a dif-
ferential game from a given point, We derive sufficient conditions for the
completion of a linear differential game under a significant discrimination
of the pursuer,

1, Let the motion of a vector z in an n-dimensional Euclidean space R be descri-
bed by the vector differential equation

dzfdt = [ (z, u, v) (n

where u P and v&Q are control parameters varying on sets P and  which are com-
pact in R , Regarding the right-hand side of Eq, (1) we assume that;

a) f(z, u, v)is continuous in (z, u, v;, ER X P X Q;

b) the inequality ]

‘f(zlv u, U) - I (zzv u, t) [ RS k l Z) = :21
where & is a constant depending only on C , is fulfilled for any v e P, v & Q and for
zlv ZQER, Izll < Cv | 22 l ‘— C H
c) there exists a constant B such that
lzef @owy 0) )08 (4 (27

holds forall z= R, uEP, v&(;

d) the set f(z, P, v) is convex for any z<& R, v< (. Furthermore, let a certain
closed set M be specified in 2 . We say that the data listed above describe a differen-
tial game (1),

The measurable vector-valued functions u* = {u (2), t > v}, v* — (v (£}, t > 0y,
satisfying the inclusions u (1) & P, v (¢) = for each ¢, are called the controls of the
players U and V ,respectively, The goal of the player U is to drive the point z ontq
set M, while player V seeks to prevent this, The game is completed when the vector
z first hits onto M. Wwe remark that when conditions (a)— (d) are fulfilled, for any
3R (V<1< T) and for any pair of controls «*, v* defined on [1, T], there exists,
and is unique [1], a solution z (¢) (v << ¢t < T) of Eq, (1) with the initial condition
2 (U) = z, (i.e, a vector-valued function z (¢), absolutely continuous on [, T] ,satisfy-
ing Eq, (1) almost everywhere), The function z (¢) is called the motion and is denoted
2 (1) =z (6T, 2. ", v* 7). For fixed 1, T, v* the set of motions is compact [2, 3]:
if zj -+ z, as { — ~c, then from any sequence of motions z; (1) = z (4 T, zi, u;i", v*, T)
we can select a subsequence zn; (f) converging, uniformly on {t, T] to some motion
T {6, T. 24 0% ¢*, T). Uniform convergence on {1, T] will be denoted by the symbol

We say that game (1) can be completed from a point z, in time . ¢ (z,) if (whatever
be the control v* of player Iy the player & can so construct his own control «* that
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the point z (t) = z (¢ 0, zp, u®, v*, ) hits onto the set M no later than in a time { (z).
As regards the information available to player U we assume here that each instant ¢ he
knows z (f) and
(1) the e-sprout of the control of player I, i.e, v (s). ¢ <0 s It - ¢
(IT) v(s), s <t
(II1) he is forced to give his e=sprout u (s) (¢ << s 0 ¢ + ¢€), after which player
V chooses the control v (¢).

In this paper we prove that statements (1) and (I1) of the problem of terminating
game (1) from a given point z, are, in a specific sense, equivalent, For this purpose we
introduce an operator /, (an analog of the operator 7 in [4]) and to the differential
game (1) we apply the method of the authors of [4, 5] in combination with the construc-
tions in [6], The proofs of the assertions made are obtained by a formal replacement of
T, by F, (the role of the lemma in Sect, 11 of [6] is here played by Lemma 1 proved
below), and we omit them, Below we have pointed out the case when a certain time
T = T (z,) of completion of game (1) from a given point z,, determined for statement
(1), is sufficient for its termination in the sense of statement (111),

2, Let e be an arbitrary positive number, We define an operator ¥,: 2% -2/ in
the following manner: for any X C /¢t the point z, belongs to set /', (X) if and only if
(whatever be the control v* of player |') we can find a control u* of player U such
that z (€) = z (& 0, 2o, "*, v*, &) & A. We note the following properties of operator £,
[4]:

1°, If X, C Ao then /7 (A} (4, (X

2% K (F (X)) C b )

3°, If X is closed, then [, (X) is also closed ;

4*, If {X}7, is a sequence of closed sets such that A+ C X; (i=1, 2,...),

then ~ o
r, ( I8 -h) S0 F (X))
1=1 1=
Let ¢ be an arbitrary positive number, Every set w; = {To, T;. ..., T;5} of real num-
bers 1, = U < 1, . --» « Ty = { is called a partitioning of the interval {0, ¢j. We set
O — Tt —T- (¢ 1,..., m)and | o] = max 6;. On the set of all partitionings of

interval |0, (] we introduce an order relation < by setting w,’ < w," if and only if each
point of partitioning w,” is a point of partitioning w/". With every partitioning «, of
interval |u, ¢| we associate an operator /-, : 2% — 2% acting in the following manner:

w,

Fo X)) —Fg 1 F o Fg (D)) NCR

S 1 dmeg

From properties 1° — 4° it follows that:
5°, If X is closed,then f, (X) is also closed,
6° If o < w, . then [~ (X)C l"u,t' (X).
. t
Lemma 1, Let X be closed, let @ = {1, Tj,...,Tm! be an arbitrary partitioning
of interval |y, ¢] ,and let the sequence {n*};_, be such that 1, " 1% << 1; 1" — 1
as i +» ~. Then . . . , ) N
0 I'wI‘-' (&) lm, (&), ol = {1y, 1%, Ty, ..., Tm}
For the proof of the lemma we need a number of definitions, For each / >0, by v
(V') we denote the set of all controls of player (' (of player | ), defined on [u, {J Let
2, € R, X C R, 0 ={Ty, T, ..., Tm} be an arbitrary partitioning of interval [0, ¢] ,
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and D be a subset of V', The mapping g = g (z,, X, w;, N}: D — U! is called the
o -quasi-strategy at point z, relative to set X if:
a) whatever be vi*, »* & D and k < m, from the equality v; () = v (5), U s
Tm — Ty, there follows the equality u; (s) = g (11*) (5) = 4y (5) = g (™) (s) (0 Vs <
Tm = T) (4 (5) = g (4*) (5) is the value of the function u;* = g (»*) & U' at point s;
b) for any v* = D there holds the inclusion z (8) = 2 (#; U, 2, g (v*), V%, HE AL
It is easy to verify the following:
Assertion 1, Let z,& R, X C R. The inclusion 2, & F,, (X) holds if and only
if the quasi-strategy g (z, X, ©;, V') exists, )
We go on to prove Lemma 1, Let
20 E [;\ Fw’k (X)

Thenby virtue of Assertion 1 there exists a sequence of quasi-strategies gy = ¢ (2., X,
@™, ¥7). The quasi-strategy g = g (z,, X, @, D) is called a c-quasi-strategy if for
any v* & D there exists a subsequence {gn,} such that

2(8:0, 20, gny, (%), 0%, ) = 2(5:0, 2), g (¥%), v*, 1), s €0, ¢]

The set of ¢-quasi-~strategies is nonempty, Indeed, let »* be an arbitrary element of
V. Then by virtue of the compactness of the set of motions, from the sequence of
2x {8} = 2 (s5; 0, 2o, gx (10*), wo*, t) we can single out a subsequence converging uni-
rormly to some motion z (s} = z (55 U, 2o, w*, w*, ¢). The mapping g = ¢ (30» X, @
uo*), whose domain is the single point ©.%, while g (»") = w*, is obviously a c~-quasi-
strategy (the inclusion z (¢) &X follows from the closedness of X).

On the set of < -quasi-strategies we introduce an order relation < by setting g; (s X,
©y, Dy) < g (20, X, @0y, Dy} if and only if D, C D, and for any v* € Uy there holds
g1 (0*) {s) = g5 (0%) {5), 0 <\ ¢ < & It is easly verified that every linear ordering (see [7])
of the set F of c-quasi-strategies has a majorant, For example, a2 majorant is a ¢-quasi~
strategy g* with a domain O* = | JD (the union of the right~hand side is taken over
the whole domain of ¢ ~quasi~strategies occurring in F, such that for any v* & D* (and,
consequently, v & D for some g = g (zy, X, 0, U)E F) there is fulfilled g* (v*) =
£ {(v*). In accordance with Zorn's lemma {7}, in the set of c~-quasi-strategies there exists
a maximal element g¢ = g, {2z, X, w;, Do). Let us show that D, = }’, which, in accord-
ance with Assertion 1, completes the proof of the lemma, We assume the contrary, Let
vo* & VF'™\L¢. We then define a mapping g, = £« (zo» X, o, DoUv.*) as follows: if
v* & Do, we set £ (V%) (5] = g0 (%) () (U < 5 < 8). We define the function g, (v*) as
follows: by kg (1 <. &y ~ m) we denote the smallest positive integer for which the equa~

lity o (8) 22 vy, () O0Ssr, — Ty, Y
is fulfilled for some v,* == v, * & D,. By the definition of a c~quasi-strategy there
exists a subsequence {£" == gn;} such that
z{s; U, 2o, g¥ (0, %, 0.5, = 2(s) == 2 (50, 20, go (v,%), v, %, 1) s S [0, 1] Lo
Case 1, k> 2. Then from the sequence of
2x* () = £ 4, 0, 20, 8% (o™} 2%, )

by virtue of the compactness of the set of motions, we can choose a subsequence of
25;* (s) converging uniformly on [0, t] to some motion z* (s) = z (s; U, Zo, ue™, w*, ).
Since equality (2) is fulfilled on the interval 10, T, — 7, |, then
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gh@) () =gF @M (). Usr, -1,

m
and, consequently, by virtue of (3)
:;j(s)=>z(s), 0 SST, — T,
whence z* (s) = z (s) and u, () = go (1.7) (8), 0 <5 < Tm — Ty, We complete the
construction by setting g, (v,*) (5) = 4o ($), 0<ss e,
Case 2, ko= 1. The functions v,*and »,* coincide on the interval [0, T, — k],
therefore,

Feme=geME USs<T, —Tk

and, consequently, in accordaace with (3)
2e* (s) = z (5; 0. o, gF (%), v*, )= 2(5: 0, 20, B0 %), v,:%, 1), s€10, 1, — 1))
By choosing a subsequence zx;* (s) as needed, we can take it that
z;j (s) => 2 (5 0, zn, o™, 20*, t), se[0,¢

where, by virtue of what we have said above, uy (5) = g0 (v,*) (H 0 < s < T — 1. We
complete the construction by setting g, (v,*) (s) = ug (s) 0 < s < 2o

It is easily checked that in both cases the mapping g, constructed is a c-quasi-strategy
and go < g4, Which contradicts the maximality of & Thus, D, = V!, which is what
we required,

8, Witheach ¢ >0 we associate an operator #,*: 2% — 2% in the following way:
F‘# (X) = p le (X)), XCR
t

(the intersection in the right-hand side is taken over all partitionings of interval [0, ¢]
We note the following properties of operator F *:

7°, If X isclosed, then F* (X) is also closed,

8°. Let X be closed and let {w/}2, be an arbitrary sequence of partitionings
of interval [0, #] such that o < ©f*! (k=1,2,..) and | ©% | = 0 as k — co. Then

Fry= QA F k(X
k=1

9%, If X isclosed and 0 < e < ¢t, then F¢* (X) C F, (F, (X)). From property
9° there directly ensues (see [4])
Theorem 1, Let z&€ R, T€ (0, + oc). Then if

20 € Fp* (M)

the differential game (1) can be completed from the point z, in time T in the sense of
statement (1),

4, The mapping g = g (zp, M, ¢) : V! — U', defined on all V¢, is called a ¢-stra-
tegy at point z, relative to M if:
a) whatever be un*, »* € V', from the equality v, () = v, () (O < s < e < o)
follows the equality g (t1*) (s) = g (v:*)(s) (0 < s < e);
b) for any v* &€ V' the inclusion z () = z (¢ 0, 2o, g (V*), v*, &) € M holds, We
note that, obviously, every strategy g = g (2y, M, ¢) is an w,-quasi-strategy at point z,
relative to M for any partitioning o, of interval [0, ¢].
Theorem 2, Llet z0& R, I'& (0, + o). Thenif 2z, & Fp* (M), there exists a
T -strategy g == g (z,, M, T) such that the inclusion



868 P.B.Guslatnikov

2( 0, 20, g (V*), v*, TVEF;, M), 0T

holds for any control v* = V?,

Corollary, Under the hypotheses of Theorem 1, differential game (1) can be com-
pleted fromr the point 2z, in time T in the sense of statement (11) ,

Indeed, it is sufficient if at each instant ¢ the player ¢ sets his own control « (2)
equal to w(t) =g (v* @

where 2 is the 7-strategy given by Theorem 2,

v {a)
vt A9}

il

PO P G o G PIR P PR P
S U5 L, s =v iy, § <7 s 1.

The inverse of Theorem 2 also proves to hold,

Theorem 3, Let z,& R, TS (0, + ),and let the T-strategy ¢ = ¢ (z, M, T)
exist, Then z, &€ F . * (M),

Proof, 1Itis obviously sufficient to show that z, & F ap (M) for any partitioning @,
of interval [0, T]. By virtue of Assertion 1 the latter is trivial because, as was noted
above, every T -strategy is anw,-quasi-strategy,

6, For linear differential games, i,e, tor games given by the equation [5]
dz/dt = Cz — -+ 1 {5)

the operator F, can be computed in explicit form, By direct calculation we verify that

< -

F.(Xy= N {e'”" “ R \.e"('/’dr} — \.‘Crcg.‘ r drI}

Ve ! b
and, consequently, .
FrXy=eCWm, W=\ | Pir2eCQdr (6)
Noo
where W (¢) is the alternating integral from [5],

6, We proceed to study the possibility of the termination of a linear differential
game in the sense of statement (111) ., We first recall certain concepts[5, 8], Let

Z R. B R.,snd let a and B be real numbers, By definition, the set ad -~ 8B con-
sists of those, and only those, vectors z & R which are representable in the form z =
ar + Py (x4, v=B). Theset D = A * B of those, and only those, vectors z E R
for which z 4 B A ,is called the geometric difference of sets 4 and B , It is easy
to verify the following,

Assertion 2., If 4 and B are convex and B is compact, then (4 + B) * B=A4.

Corollary, If 4, B. C are convex, © is compact,and 4 + C = B -~ (, then
A =B,

let A (1) be a compact convex set depending continuously (by inclusion) on ¢ 2> 0
By the integral

o

Ay dr, ce>2b>0
b
we mean a compact [3] convex set consisting of those, and only those, z & R which can
be represented in the form c
z= S a(r)dx
b
where a* = {a (s), b < s < ¢} is a measurable vector-valued function satisfying the
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inclusion a (s) € A (8) for every s, From the definition given it follows immediately
that

] d 3
§A(t)dr+SA(t)dr=§A(r)dr %)

Finally, we present without proof the following, easily verifiable —
Assertion 3, Let A be an ellipsoid of full dimension inR ,

{ Z iflg))” }

Then there exists a convex set B C R such that

aﬁ
A+B=—p5 S
9= max a, B = min a,
1<ign 1Ki<n

where Sp is the unit sphere in R; moreover,if 4 = 4 () depends continuously (by
inclusion) on ¢, retaining full dimension in R, then B = B (t), a = a (8), = B (¢)
also are continuous,

7, Let linear differential game be described by a vector differential equation (5) in
which ¢ is a constant square matrix of order n; let 2 and Q be convex compacta,
and the terminal set 4/ be representable in the form M=M,+ W,,where M is a linear
subspace .of space R, W, is a convex compactum in the orthogonal complement L of
M, in R. We denote the projection operator from R into L by n and the unit sphere
in L by S. By Lp we denote the support plane to ¥ (i.e, a set of the form L, =
Mp + a, where a &€ R, My is a linear subspace of space R ,such that the set P — a
belongs to Mp and has interior points therein), Let S, be the unit sphere in M.

We assume that the following conditions are fulfilled for game (5):

Condition 1, We canfind 4, > 0 and a convex set P’ C R such that P +
P’ = AaS,.

Everywhere subsequently we agree to mean by r an arbitrary positive number, We
consider the mapping @ (r) = ne’C: R — L of space R into L.

Condition 2, The mapping ® /r): M, — L, treated as a mapping from M, into
L, is an "onto" mapping,

Lemma 2, Suppose the Conditions 1 and 2 have been satisfied for game (5), Then
there exist a compact convex set P (r) C L, depending continuously (by inclusion) on r
and a continuous positive function 7y (r) such that

PHP+Pr=9yM"S, r>0 8)

Proof, In accordance with Condition 1

QP+ O P =rDMNS,
From Condition 2 it follows that A,® (r) &5, is an ellipsoid of full dimension in L, de-
pending continuously on r, and, consequently ( Assertion 3),
AP (N Se+B (N=y"S, r>0
where B (r) and ¥ (r) are continuous, We complete the proof of the lemma by sctting
P(r)= ® (r) P 4+ B (r).
Let t > 0. We consider the set
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t

we @)= (Wo = { @) par) = {0 () Qur
1] 0
We assume that the following conditions are fulfilled:

Condition 3, Forany t> 0 the set W* (1) is nonempty and
t !

wr e +§ 00 Qar =W+ (o) Par ©
0 0
Condition 4, Forany ¢ >0 we can find A () > 0 such that
WE(ty=[W* (@) 2A@0)SI+A()S 10)

It is easy to verify the following —

Assertion 4, Suppose that Condition 3 is satisfied for differential game (5), Then
W) = (€ Pdr ® &CQdr) = Mo + W* (1)

0

_z!./: -~

Thus, if the inclusion eTCa & WH (1) A1)
is satisfied, then in accordance with Theorem 1 the linear differential game (5) can be
completed from the point z, in time T = T (z;), where T (z,) is the minimum of all

T 22 0 for which inclusion (11) is fulfilled, This result is contained in the following
theorem,

Theorem 4, Suppose that Conditions 1 — 4 are fulfilled for the linear differential
game (5), Then, if inclusion (11) is fulfilled, game (5) can be completed from point z,
intime T = T (z,) in the sense of statement (111),

Proof, Foreach ¢ > 0 we denote by e (¢) the largest positive number & < ¢/ 2
(existing by virtue of Lemma 2) for which the inequality

L) — \ Y () dr =0
{—¢€
is fulfilled, Let us show that for any ¢ >> 0 the following relation holds:
' i
W (1) = lw* t—e() * S ® () er\ + \ o@ear (12)
t—€(!) 1—e(l)

Indeed, in accordance with the corollary to Assertion 2, from equality (9) we have
{ !

W* (1) + S OM Qdr=W*(t —e@)+ \ @) Pdr
t—e(t) -2t
t

w*ty4+ D+ O)Qdr=W*(t —e(t)) - A(®)S
t—e(t)
t t
= S P(r)dr+(x(z) - S “{(r)dr) .8
t—e(l) f—e(t)
Therefore, on the basis of the corollary to Assertion 2 we obtain, using equality (10),
4
W 2r0S|+D=Wre—e@* | o Qar

T

whence, by virtue of (8),
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Adding t
@ (r) Pdr
(X144
to both sides of this equality, we obtain the desired relation (12) (see the expression for
D and formula (10)).
We set Ty = T,(z0), & = € (T (2z0)). Since ne'*’ z4 & W* (T,), in accordance with
{12) we can find a control uy* = {u,y (s), 0 < s<Cea} of player {7 such that

Folo

Ts 7“0
e — | adCuTo—ndre[W*To—a) + e’ Qir |
To:i'?-x To— €4

Therefore, whatever be the control v* = {v (s), 0 < s < &} of player V, for the point
€y

2 =z (&) =z (&1 0,2, us*, v*, &) = e*C (Zo - X €7 [uo (s) — v (5)] ds)
o

we have To To
nelTomed Oy pToChp S ste™ g (To—r)dr S 1eCy To—ndrae WH{Ts —e)
To€, To=¢€,

and, consequently, T {(z) 0 T, — &, whatever be the control of player V. Theo~
rem 4 is proved if only we note that all the arguments presented above are applicable
to the point z; = z (g;}, etc,

Pontriagin®s verifying example [9] satisfies the hypotheses of Theorem 4,

The author thanks E, F, Mishchenko for guiding the work,
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